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Viscous Compressible Flow Across a Hole in a Plate
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Many aerodynamic flow control devices make use of wall transpiration as a means of influencing boundary-layer
behavior. The use of drilled-hole plates has come to be preferred for this purpose. To evaluate the aerodynamic
performance of such plates in either a real physical system or its computational-fluid-dynamicsmodeled simulation,
it is crucial to have an accurate knowledge of how the mass flow through the plate hole depends on the driving
pressure difference across the plate as a function of the relevant parameters such as hole diameter, plate thickness,
and the properties of the gas. This paper offers a new unified theoretical model of viscous compressible flow across
a hole, which gives the designer or numerical analyst of transpiration systems the ability to conveniently predict the
characteristics of a porous plate a priori for any given flow conditions. Validating comparisons with experimental

data are also presented.

Nomenclature

hole cross-sectional area (xD?/4)
various constants in theory; Eqs. (1-3)
(rit/ p1A) (7 RT); Eq. (14)

constant defined following Eq. (14)
effective circular diameter of hole

entry length; Fig. 1

local Mach number [V/ /(y RT)]
mass-flow rate

static pressure

total (stagnation) pressure

ideal-gas constant (p =pRT)

effective Reynolds number of hole flow; Eq. (8)
absolute static temperature

plate thickness

cross sectionally averaged flow velocity
nondimensionalizedvelocity [V/ \/(RT)]
streamwise coordinate along hole
specific heat ratio

constant in Eq. (7)

coefficient of viscosity

cross sectionally averaged density

local wall skin friction; Fig. 2
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Subscripts

1 = hole entrance station; Figs. 1 and 4
2 = hole exit station; Figs. 1 and 4

Introduction

ANY aerodynamic flow control devices make use of wall
transpiration as a means of influencing boundary-layer be-
havior. Examples include the distributed suction gloves used in
laminar flow control, localized blowing systems used in place of
vortex generators, and passive control devices used to alleviate the
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effects of shock/boundary-layerinteractions. The critical element
in such devices is the perforated wall structure itself. With the ad-
vent of computer-controlledlaser or electron beam manufacturing
techniques, the use of drilled-holeplates of either metal or compos-
ite metal has come to be preferred, thus avoiding the weight and
strength problems associated with more conventional porous mate-
rials. Typical plates can thereby be quickly and cheaply drilled with
holes as small as 50 um in order to minimize excrescence drag; the
desired porosity is then achieved by adjusting the hole spacing.

To evaluate the aerodynamic performance of such plates in either
a real physical system or its computational fluid dynamics (CFD)-
modeled simulation, it is crucial to have an accurate knowledge of
how the mass flow through the plate hole depends on the driving
pressure difference across the plate as a function of the relevant pa-
rameters such as hole diameter, plate thickness, and the properties
of the gas. Moreover, it has proven equally importantin experimen-
tal and computational-simulation work that this mass-flow pressure
relationshipbe 1) soundly based in fundamental physical principles
and 2) expressed in an analytical form that is tractable for applica-
tion. Although several theories of holed-plate behavior have been
proposed so far, none have proved fully satisfactoryin meeting these
requirements: those that are analytically simple do not give an ac-
curate account of the compressibility effects that arise in practical
applications, whereas those which show agreement with experi-
mental measurements are either awkward to use in practice or are
based on largely empirical models with unclear basic physics. The
present paper offers a unified theoretical model of drilled-hole flow,
which redresses these shortcomings and gives the designer or nu-
merical analyst of transpirationsystems the ability to predict conve-
niently the characteristicsof a porousplate a priorifor any givenflow
conditions.

We first give a brief review of previous work on the problem and
an assessment of the various basic assumptions needed to capture
the essential physics of the problem. Based on this, a fundamen-
tally based theory of the hole flow is presented, which results in a
closed-formrelationship for the mass flow vs pressure ratio that in-
cludes compressibilityeffects. An important byproductof this anal-
ysisis shownto be a new universalsimilitudelaw governingthe flow
for all hole-size/plate-thickness/gas-property combinations, which
involves a single relevant characteristic Reynolds number of the
problem based on at appropriate thermal reference velocity. This
is followed by a discussion of how the hole flow theory is adapted
to the exterior environment of practical applications. Finally, we
present some validating comparisons with experimental data.
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Fig. 1 Schematic of hole flow including entry region.

Brief Review of Previous Theoretical Work

We consider steady flow of an ideal gas through constant-area
holes drilled in a uniform plate, caused by an imposed pressure
differenceacross the plate (Fig. 1). Over the range of operating con-
ditions encountered in practical transpiration systems,? it has been
agreed that the required hole size and spacing is such that interhole
interference is negligible, i.e., each hole behaves in isolation from
the rest. Moreover, the correspondinghole Reynolds numbers based
on the expected mass flows are always so low (50-100 or less) that
the flow within the hole may be taken as laminar and “pipe like.”
However, the anticipated plate-thickness-to-lole-diameter ratios in
practice are often not large enough to regard the flow as fully estab-
lished throughout, so that inlet effects must be taken into account.
Finally, in many passive transpirationcontrol systems currently un-
der study the pressure differences needed to produce the requisite
mass-flow rates imply accelerations across the hole, which make
compressibility an important factor in the analysis.

We now assess existing theoretical work in the light of these
requirements. The simplest conceivable model would be to assume
a direct proportionality of the hole flow exit velocity V, (mass flow)
to the overall driving pressure difference Ap in the form suggested
by the Poisseiuille solution for fully developed slow flow in a pipe.?
Such an approach, termed a modified D’ Arcys Law, has in fact been
proposed in the form

= C,(D*Ap/32ut) €8

where C| would be taken as unity if the flow were truly developed
andincompressiblethroughoutthe hole. In practice, this relationship
hasbeen found to be applicableonly for very small Ap and then only
when C, is assigned a nonunity empirical value that depends on the
flow and is chosen to fit experimental data. Thus, although simple in
form Eq. (1) is insufficient to capture the combined compressibility
and inlet flow development effects that are important in practice.

Instead of such a viscous-dominatedflow model, other investiga-
tors (e.g., Ref. 4) have gone to the opposite extreme by proposing
a purely inviscid model entailing isentropic nozzle flow. Such an
approach yields the expression

v = (R0 = DI[(pip) 0 = 1] @)

where the nonunity constant C, is again an empirically chosen value
that depends on Reynolds number and D/t ratio according to a
suitable data fit. An even less fundamentally based variant of this
model has been proposed in which the product C, times the square
root in Eq. (2) is replaced by the entirely empirical expression 1.2
(Ap/ p2)°3. In either case the resulting theory obviously does not
capture the basic physics of either the compressibility or viscous
effectsresidingin the mass and momentum conservationof the flow.
Yet another model that has been proven popular in contemporary
transpirationsystem studies is the one proposed by Poll et al.,> who
developeda relationshipbetween V, and A p on the basis of assumed
incompressible pipe flow that takes the quadratic form

Y =CX + C,X? 3)

where Y = pD*Ap/ u?t* and X =z D*V?/ ut are nondimensional
variables obviously influenced by the form of D’Arcy’s law and
C;, C, are constants. Although solution of Eq. (3) for V, obviously
provides a simple V, — Ap relationship, the constants C; and Cy
yet again must be chosen empirically to make the equation work in
practice with the resulting values of C; and Cy4 proving dependent
on both Reynolds and Mach numbers. We conclude that there is still
important physics missing from model Eq. (3).

Unlike the aforementionedtheoretical models, which all contain
insufficient flow physics and hence empirically-chosen*“constants,”
Gibson® has recently offered a treatment that embraces both fric-
tional and compressibility effects, along with an account of the in-
let influence that avoids the need to assume fully developed flow
in the hole. His approach employs classical Fanno analysis for an
adiabatic one-dimensional constant-area pipe flow’ combined with
Langhaar’s treatment of the entry length effect on the skin friction
The resulting predictions involve only a single universal numerical
constantand show good agreementwith mass flow vs A p calibration
data over a wide range of Ap and plate flow conditions. Unfortu-
nately, this success is tempered by significant practical drawbacks:
the method, although sound, is tedious and does not provide an
explicitrelationshipbetween V, and Ap. Its use in practice thus re-
quires an interactive procedure that proves awkward and expensive
to use in design or computer simulation code work. Nevertheless,
one draws from Gibson’s work the inspiration that perhaps a more
tractable, yet still fundamentallybased, approachmight be possible.

Proposed New Theory for Flow Inside the Hole

Analysis

The foregoing assessment suggests that a suitably comprehen-
sive yet analytically tractable new theory of the hole flow problem,
free from empirical constants, would be of value. With reference
to the flow schematic illustration in Fig. 1, we adopt a quasi-one-
dimensional flow model involving the average flow properties of
density p and velocity V across each local area cross section along
the directionx of flow; for constantarea A = pD?/4 thisis governed
by the continuity equation

pV =const=p, V, =p,V, “)

Allowing in the general case for inertial effects, consideration of
the momentum balance for any elemental disk of the flow (Fig. 2)
would further require that

pAV dV =—-Adp — =D, dx 5)

where 7, is the local (laminar) wall skin friction. When supple-
mented by the ideal-gas equation of state

p =pRT (6)
and an accountof the energy aspectof the problem (to determine 7'),

Eqgs. (4) and (5) contain all of the essential physics of the problem
oncean appropriatemodel for 7,, isintroducedthatincludesthe entry
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Fig. 2 Typical disk element of hole flow.

effect wherein the side-wall boundary layer grows and engulfs the
uniform inlet flow V (Fig. 1).

We now introduce such a 7,, model under the basic assumption
that each local disk of flow behaves like a slice of non-fully devel-
oped pipe flow taken at the prevailing local density and velocity.
Restricting attention to hole lengths ¢ that are greater than the entry
length /; (which embraces the vast majority of practical cases), this
model yields the following expressionupon inclusionof Langhaar’s
entry length effect correction®:

7, = @uV/D)[1 + (x = 1)(D/1)(l;/ D)] (M

where both the entry length ratio [;/ D=~ 0.057/(p,V,D/ 1) and the
universal constant k are given from first principles by the detailed
pipe inlet analysis of Schlichting? Gibson® has suggested that a
value of x in the range 2.5-3 fits a wide range of practicalcases. The
other elementof our proposed theory, which completes the physical
model, is the assumption that the gas temperature and hence the
coefficient of viscosity varies only slightly across the plate so that
the flow can be taken as isothermal at some suitable value (e.g., the
average temperature of the plate). This is justified by the fact that
the biggest temperature change occurs between Mach numbers of
0 and 1, when the flow accelerates from rest (i.e., outside the hole).
Because the flow Mach number on entry and exit is likely to be of
a similar order of magnitude, the change of temperature calculated
from an adiabatic assumption is quite small. It is unlikely that the
flow through the holes is adiabatic; hence, the isothermal assump-
tion is not unrealistic. Isentropic flow calculations (an alternative
but more complicated assumption) show that the static temperature
variations along the flow are indeed rather small up to choked flow
conditions. As a result of this simplification, the local density varies
directly with the pressure along the flow by virtue of Eq. (6).

The foregoing physical model contains the combined effects of
viscous friction (including the influence of entry length) and com-
pressibility for any ideal gas. Even more remarkably, it is capable
of a closed-form solution for the exit velocity as a function of the
driving pressure ratio p;/ p,. Thus with T and hence u as known
constants, substitution of Egs. (4), (6), and (7) into the momentum
equation (5) followed by some algebraic rearrangement yields the
pressure-governingdifferential equation

pdp_( v, )zd_pz_("z' \/ﬁ)d(f) ®)

3 VYRT p Reggp t

12

where

p2DNRT

32u[l + 0.057x(D/t)(p1 Vi D/ )1t/ D

Reggr =

is a single master effective Reynolds number that contains the in-
fluence of the entry length effect. Now Eq. (8) can obviously be
integrated term by term across the plate; however, before doing so
inspection suggests that it would be convenient to regard /(RT)
as the appropriate thermal reference velocity of the problem, and
hence introduce the nondimensional pressure and exit velocity vari-
ables p/ p, and Ve v,/ J(RT), respectively. The resulting univer-
sal form of Eq. (8) can then be integrated from p = p; at x =0 to
p =p,atx =t to give

H[(pi/p)* = 1] = Via(pi/ps) = VReger ©)

Tracing back to the original momentum equation, we note that
the first term on the left derives from the pressure gradient effect,
whereas the second term comes from the inertia effect associated
with isothermal compressibility and the last term on the right, of
course, derives from the viscous skin friction including the entry
length effect. Equation (9) is seen to be a simple quadratic equation
for the nondimensional exit velocity in terms of p,/ p,; its solu-
tion excluding the negative root gives us the desired mass-flow vs
pressure-ratiorelationship

N U+ 2R (0 2 = 1 i ) = 1
N 2 Regpr e"(Pl/Pz)

This equationenables the direct prediction of the mass flow pertain-
ing to any given pressureratio for any type of gas at any temperature
flowing across holes of arbitrary ¢ and D. It also provides a funda-
mentally based and simple analyticallink between the conditionson
the two sides of the plate that should prove useful in experimental
design and in computational simulations of either active or passive
transpiration systems for shock/boundary-layerinteraction control.

The presentanalysiscan be regarded as an extended versionof the
classical theory of isothermal laminar-frictional one-dimensional
ideal-gas flow in a tube (e.g., Ref. 7) in which entry effects and a
particularly advantageous closed-form solution for the mass-flow
vs driving-pressureratio have been added. Furthermore, an impor-
tant new similitude property of the problem is included (see the
following).

(10)

Similitude Properties

Some reflection about the nondimensional form of both Egs. (9)
and (10) shows that the present theory embodies an interesting and
useful new similitude property of all hole flows: the nondimensional
exit velocity "Wwhich in fact equals +/y times the exit flow Mach
number) is a functiononly of the driving pressureratio and the single
master reference Reynolds number just defined. Thus, as illustrated
in Fig. 3, a plot of Vvs p,/p, according to Eq. (10) will yield
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Fig. 3 Master plot of nondimensional exit velocity vs pressure ratio.
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a unique family of curves with Reggr as the single parameter. In
addition to thereby providing an efficient display of all possible
solution regimes including the combined effects of viscosity, entry
length, and compressibility,this similitude property can prove useful
in experimentaldesign and in the correlationof data taken at various
different conditions.

Limiting Cases

A number of significant features can be discerned by closer ex-
amination of Egs. (9) and (10) plus the associated plots shown in
Fig. 3. First, itis seen from Fig. 3a that when the pressure difference
Ap/ p, is very small (p;/p, — 1) and Reggr of order unity or less,
the mass flow is a linear function of Ap/ p, with a slope directly
proportionalto Reggg. This result can be physically understood by
analyzing the asymptotic behavior of Eq. (10) in the limit where
(Ap/ py) Regrr < 1; this yields

V= (Apl p,) Regrr (11)

which is in fact D’Arcy’s law for slow viscous-dominated incom-
pressible pipe law when reexpressed in the present similarity vari-
ables and extended to included the inlet flow development effect.
A second important feature can be perceived from inspection of
Fig. 3b, which embraces a much widerrange of pressure differences
that are in general not small: here it is seen that for Reggr =O(1)
the family of Vs p1/ py curvesabove Ap/ p, =0.03 collapseinto a
single Reynolds-number-independent locus that is nearly linear (but
with a nonzero intercept) at larger p,/p,. This inviscid behavior
can be understood by again examining the asymptotic behavior of
Eq. (10), but this time in the limit where Rez..[(p)/ p,) — 1]is large;

this yields
/p2)? =1
Ve /P 21 12
20(p1/ p2) (12)

which for (p;/ p2)* > 1 becomesproportionalto p;/ p, with aslight
modulation by the slowly varying logarithmic factor. We further
note that this limiting behaviorhas a roughresemblanceto the semi-
empirical isentropic nozzle flow model of Eq. (2), except, of course,
that Eq. (12) further embraces full consideration of mass and mo-
mentum conservation.

A third point to note is that our quadratic Eq. (9) for "Vis similar
in form to the semi-empirical relationship (3) of Poll et al.? except
that it is a more general fundamentally based result that includes
both the compressibility and inlet length aspects of the problem.

Application of the Theory in Practical Situations

Adaptation to the Environment Surrounding the Hole

For most practical applications the number and site of holes is
small compared to the area of solid wall, i.e., the porosity is small
(<10%). Hence we assume that the average pressure on the outer
surface of the porous wall is equivalent to the total pressure p,. In
the case of the porous surface being underneath a boundary layer
(i.e., suction on a wing), the air entering the holes is assumed to
originate from the very bottom of the boundary layer, where it is at
rest with a pressure equivalentto the average surface pressure. With
reference to Fig. 4, the air entering a hole undergoes an isentropic

Isothermal

Isentropic

Fig. 4 Practical application of the analysis.

accelerationfromrest. The pressureat hole entry p, and the velocity
at hole entry V, are related by isentropic relationships:

}—Y/(Y—l) (13)

pi/po = {1+ [(y = D/21M}
The air leaving on side 2 forms a jet, and the pressure at the surface
is equivalent to the static pressure in the jet. In cases where the air
enters into a cavity, the assumption is made that the cavity pressure
is p». The eventual breakdown of the jet could theoreticallyincrease
the cavity pressure, but because the size of the cavity is likely to be
much larger than the hole dimensions, the assumption is made that
the losses associated with the shear layer lead to an eventual cavity
pressure that is not significantly above the static pressure in the
original jet. The pressure difference driving the flow through the
porous surface is therefore py — p,. Although seldom appreciated,
the pressure p, thatis often measured or used in CFD simulationsis
in fact the upstream total pressure py rather than the upstream static
pressure p.

Choking Behavior

The foregoing solution exhibits a maximum in the mass-flow
rate vs pressure-ratio variation that becomes apparent when Eq. (9)
is rewritten in terms of the nondimensional mass-flow parame-
ter C,, = [m/(p,A)]/(RT). Substituting the resulting value Ve
(p1/ p2)C,, into Eq. (9) thus yields the following quadratic relation-
ship governing C,,,:

C.C =1[1 = (p2/ p)?] + C2 ta(pal p1) (14)

where the const C,, = 32[1 + 0.57x(D/t)p,; Vi D/ u]uRT/ Dp,. As
illustrated in Fig. 5, Eq. (14) predicts a maximum in C,, vs p,/ ps,
which differentiation with respect to p,/ p; shows will occur when
C,, =C,, max = P2/ p1, corresponding to the slightly subsonic exit
Mach number value of M, =y ~12 (which pertains to an isothermal
Mach number of unity). With further increase in the pressure ratio
above that for C,, max, the mass flow slowly decreases, asymptot-
ically approaching the curve C,, ~ (bap,/ p,)~"? at large pressure
ratios as shown in Fig. 5.

To see such chokingbehaviorin a practical calculation,one must
hold the total pressure p, on the supply side constantwhile lowering
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Fig. 5 Mass-flow vs pressure-ratio behavior.
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the exit pressure p,; alternatively varying p, while holding p, fixed
merely serves to increase the entering air density more and more
with a consequent monotone increase in the mass-flow rate.

Experimental Validation

To assess the accuracy of the proposed theory, mass-flow vs
pressure-difference measurements were carried out at Cambridge
University using porous plate samples placed in a pressurized
duct (Fig. 6). The laser-drilled holed plates used were supplied
by the British Aerospace Sowerby Research Center and made of
0.91-mm-thick duraluminum; the holes were 75 pum in diameter
(nominal) and distributed uniformly over the plate face with differ-
ent degrees of porosity (2 and 4%). Operating with air at standard
room temperature, various levels of pressurization p; were imposed
to drive the flow across the porous plate into the lower pressure
region downstream. The actual resulting mass flow was then mea-
sured yet farther downstream by a standard orifice plate flow meter
arrangementas indicated in Fig. 6.

All pressures were measured using manometers with an accuracy
of better than 0.5%. Taking this error as well as other uncertainties
into account, the measurement of mass flux using the orifice plate
configurationseenin Fig. 6 is accurate to within +1%. However, the
actual magnitude of plate porosity is a major source of uncertainty.
Although the plates were manufactured to a high standard, it is
uncertain what the exact open-to-closedarearatio is. Furthermore it
was often found that individual holes were blocked with dirt, which,
in extreme cases, reduced the effective open-to-closedarea ratio by
almost 20%. The results presented here were obtained on carefully
cleaned plates; however, the variation in the actual value of the
open area of a given plate remains the largest source of uncertainty.
Because the data shown in Fig. 7 are nondimensionalised by the
total hole area, the values of 71/ A are affected by this uncertainty,
which is estimated to be of the order of +10%. Some representative
error bars are included in Fig. 7.

An example of the calibration curve so obtained is shown in
Fig. 7 for two plates each of 2 and 4% porosity (typical values
of interest in transpiration system applications), where the mass
flow per open area produced by various driving pressure differences
Ap = py — p, is plotted. The data are seen to follow the expected
trend of 71/ A increasing monotonically but nonlinearly with Ap.
Also indicated on Fig. 7 is the corresponding curve obtained from
Eq. (10) for the same operating conditions,from which it can be seen
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Fig. 6 Apparatus used to determine porous plate mass-flow calibra-
tion curve.
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Fig. 7 Comparison of present theory with experiment.

that the theory accurately predicts both the magnitude and shape of
the experimentalcurve over the rather wide range of Ap considered.

Concluding Remarks

This paper has presented a new unified theoretical model of vis-
cous compressible flow across a hole which gives the designer or
numericalanalystof transpirationsystems the ability toconveniently
predictthe characteristicsof a porousplate a priori for any given flow
conditions. Validating comparisons with experimental data were
also presented. In future work other such comparisons will be pre-
sented at different porosities as well as new data plus theory dealing
with the effect of plate hole diameter.
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